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Abstract. An N-dimensional linear Lagrange equation 1s given which generalizes some
classical problems. Particular interest is paid to the equation generalizing a rotation. The
general solution is obtained with the use of a matrix exponential method. When applied
to the three-dimensional motion of a heavy particle near the surface of the earth, the results
are in agreement with known results found by other methods.

1. Introduction

Consider a linear equation of motion in N dimensions:
§+A@).¢+B@). g = F), (1)

where A and B are two N x N matrices. On account of the Helmholtz conditions
(Helmholtz 1887) the necessary and sufficient conditions for (1) to be a Lagrange
equation, are

B =1A+S, (2a)
S =8T, (2b)
A=—-AT (2¢)

S being an arbitrary symmetric N x N matrix. The lagrangian of the system is
L=%?+14.A.q—1q.S.q+F.q. 3)

IfS = 0and F = 0,equation (1) under conditions {2) is the generalization of the equation
of motion for a charged particle in a uniform time-dependent magnetic field, as was
recently discussed in a paper by Engels and Sarlet (1973).

If 8 = LA2 equation (1) is, as will be discussed in § 3 of this paper, the generalization
of the equation of motion for a particle in a rotating frame. F(t)stands for the generalized
force per unit mass and the rotation is represented by the skew-symmetric matrix
©Q = 1A. The equation of motion is then

G+29Q.4+Q.q+Q%. ¢ =F. 4)

This equation can be reduced to a canonical form (no term with first derivative) with the
help of a linear transformation

q=G.u, (5)
where G is any particular solution of the matrix differential equation
G+Q.G =0. (6)
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Such a particular solution is given by

G =exp(—f th) = iM
0 i

AT

) (7

under the condition that  commutes with its integral, which is certainly the case when
the rotation is unidirectional ((f) = w(t),) or constant. The canonical equation is

ii=exp(Jﬂth).F, @®)
0

which can immediately be solved ; substitution of # in (5) yields the general solution of (4):

q= exp( - ftﬂdt) J: dt J: exp(J:S'ldt) . th+exp( - J: th) . (at+b), ®
0

where a and b are two integration constants.
Taking from now on 2 and F constant, one has

q = exp(— Q1) J: dt J: exp(Q2r)dt. F + exp(— ). (at +b). (10)

This solution, however, remains purely formal, as long as the matrix exponentials must
be written out as infinite series according to the definition (7). Therefore we look for a
closed expression for (10).

2. General solution in closed form

The matrix exponential exp(§2t) is defined as an infinite power series in . This will also
be the form taken by the matrix factors exp(—¢) and exp(— Q). fi dt [{ exp(Q) dt
occurring in (10) and, more generally, by any matrix operator f(£2) of exp(€2z), which in
addition to products, also may contain time derivations and time integrations. Since
satisfies its minimal polynomial, which we suppose to be of degree n(n < N), it is possible
to express the powers of €, starting from the nth power, as a linear combination of
smaller powers of . This leads us to write

fQ) = Ad+4,Q+ ... +4,_,Q" 1, (1

where the n coeflicients 44, 4,....,4,., must be determined as functions of time.
As it is always possible to diagonalize 2, use can be made of the Lagrange-Sylvester
interpolation formula (Gantmacher 1959)

n n n -1
f) = ) f(a,)( Zl (ﬂ—asl))( ; (ar—as)) , (12)
r=1

where «, are the n different eigenvalues of . Now, since Q is a skew-symmetric matrix,
its eigenvalues are purely imaginary and complex conjugate in pairs or zero; if n is odd,
at least one eigenvalue is zero. Puttingm = {nifniseven,and m = }{n—1)if nis odd, the
different eigenvalues of Q will be denoted by iw,,...,iv,, —iw,,..., —iw,,, 0, writing
the zero only if n is odd.
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The coefficients 4; must be determined by identification of (11) and (12). For a simple
calculation from the minimal polynomial, we replace in {11) and (12) by a variable z
(and | by 1), and write

f@) =Ao+iz+ ...+, 27!

_ v Jliw)k(z) o [f(-iwdk(z)  f(Ok(2)
B j; (z—i(u;)k’(iwj)+ ,.; (z+iw)k'(—iw) = zk'(0) ™"t (13)
_ i flw)+(=1)""f(~iw)| zk(z)
= kK'(iw;) 72+ w?
- lo[flw)+(-1f (—iw)l| k@) | fO)[kz)
YA Ky (z2+wf)+k’<0>\ 2 |oramer
k(z) is nothing else but the minimal polynomial of £:
ﬁ (22 +w}) for n even
K2)= "= S, (=S, =47 (14)
z [] @ +w) for n odd,
j=1

where S, are elementary symmetrical functions of the w;. If all the eigenvalues of £ are
distinct, the minimal polynomial equals the characteristic polynomial and then S, is the
sum of the principal minors of order p of the determinant of . Obviously S, = 0 if

p is odd. Noting that

1)
A4 -q!( dz? )

@=0,1,...,n—1) (15)

z=0

the coefficients 4, can be found by straightforward calculation from (13), and substitution
in (11) leads to the desired finite power series. If f(€2) is supposed to be a real operator,
the result is

forn = 2m:

f(Q) = il A;. (Re Sl +Im f(iwj)—g), (16a)

J

forn=2m+1:

m Q 92
f(Q) =01+ ) A;. (Imf(iw,-)5+(f(0)—Ref(iwj))af), (16b)
j=1 i j

where in both expressions

m-—1 (—l)lk ,(iw‘) 02
AJ'= Z " 2( 21___ 2)7
t=0 Wil oy 5o ;{00 —Wj) W

(17)

By k,,(z) is denoted the polynomial obtained by omitting all the terms containing z
raised to a power greater than 2! in k(z) (n even) or k(z)/z (n odd), and k,(iw;) in (17) is
equal to Z!_ (— 1S, (- no?"
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In particular the closed form of the matrix exponential is found to be

forn = 2m:
m M .[
exp(Qt) = Y A;. (cos w,-tl+sln 2 ﬂ), (18a)
i=1 w;j
forn =2m+1:
exp(@) = 1+ Y A,..(sm “’f’9+1_°°f“’ft92). (18b)
i=1 @ wj

This last equation is a generalization of a formula deduced by Chang and Audeh (1970)
in the case of three dimensions, using direct recursion relations for Q.
After substitution of t by —¢ in (18) we get the inverse matrices

for n = 2m:
m 3 it
exp(~Qr) = T A, (coswjtl—smw’ n), (19a)
=1 o]
forn =2m+1:
m : . 1—- .
exp(-Q) =1+ Y A, (—Sm Olg . 278 “’ftnz). (19b)
j=1 ; ]

In the same way the matrix P = exp(— ). [{ dt {{ exp(Q¢) dt occurring in (10) can be
written as a finite power series in Q. Putting in (16)

t t 1— —iw:)—iw:t —1iw;:t
fliw;) = exp(—wjt) f dt f explioyr) dr = S-SRI —1o;t exp(—iyf) (20a)
0 0 (iw))
f(0) =32, (20b)
there results
forn = 2m
< A . . Q
P= 3 —. |[otsin g —(1—cos w;t)]l +(w;t cos w;t —sin w;t)— |, (21a)
j=19; w;
forn =2m+1
A . Q . Q?
P= S+ j; ED—JZ’ . ([a)jt cos w;t —sin wjt]zo—j+(%w,2-t2 +1—cos w;t—w;t sin “’f");,—?)’
(21b)

with A; given again by (17).
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Substitution of (19) and (21) into (10) yields the general solution for ¢ in a closed form.
Leaving the initial conditions very general : when ¢t = 0: ¢(0) = ¢, and ¢, = v,, we find

forn = 2m:
m A, , Q.
g= ) —.|[wjsinwg—(1—cos w;t)]F+(w;t cos w;t —sin w;t)
i=19j w;
i . . Q.qo
+ Y A;. [(wjt sin w;t+cos w;t)ge+(w;t cos w;t —sin wjt)— ==
i=1 i
< . Q.
+ > A;. (tcos wjtv, —tsin w;t vo)’ (22a)
j=1 W)
forn =2m+1:
t? LA S ¢ I
“LFr YLA D gt
1= ];12 ol +qot1ivg
- A; . Q.F . Q2. F
+ 3 = ((wjtcos w;t —sin w;t) +(1 —cos w;t —w;t sin w;t)—
i=19j i wj
Z . Q.
+ Y A, ((cujtcoswjt—sm w;t) 4o
i=1 W
. Q2. g,
+(1 —cos w;t —w;t sin wt)—
j
o , Q.v Qv
+ Y A, (—tsm w;t %+ t(1—cos wt)—=2). (22b)
j=1 w; @j

3. Application to particle motion in a rotating frame

The equation of motion describing particle motion in a three-dimensional space with
respect to a rotating coordinate system having the same origin as the fixed frame, is
known to be (Goldstein 1950)

mf = F,+F+F,, (23)
with F,: the absolute force; F, = —m[w xr+® x(wxr)]: the force of transport
F, = —2m(w x #): the Coriolis force. To expose the announced connection with (4),
equation (23) is written as

" . F,

r+2mxr+mxr+mx(mxr)=;. (24)

If a skew-symmetric matrix € is associated with o(w,, ,, ®,) according to

0 -w o
Q=| o, 0 -, l,
—w, W, 0

each cross product @ x x can be replaced by an inner product . x. In this way (24) is
reduced to (4).
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The equation is of particular interest for describing the motion of a heavy particle
near the surface of the earth; then Q and F,/m = g may be treated as constant and (24)
becomes:

Pi+2Q.F+ Q% r=g. (25)

The exact solution of this equation has been obtained by von Eberhard (1930) and Leroy
(1971) after projection on the axes of a well chosen coordinate system. A frame-inde-
pendent vector solution has been obtained by Verheest and Leroy (1973) using a repre-
sentation in circularly polarized coordinates.

The method of the matrix exponential, discussed in this paper, enables us to write
down this solution immediately. The eigenvalues of @ are 0 and +iw, with

w? = wl+wl+w?;as A=Ifor N =n =3 we find for the matrix exponential from
(18b)
sin wt l—coswt_,
exp(Qt) = 1+ Q-+ 7,
I w
and for the general solution from (22b)
[ ¢ L

ry = Eg+2—a)2+ro +tvo

. Qg
4

. Q ,
+ (wt cos wt —sin wt) 3g +(1 —cos wt —wt sin wt)
w

2
Q. r,

. Q. r, .
+{(wt cos wt —sin wt)———+(1 —cos wt — wt sin wt)——
w w

Q. 2,
—t sin wt wvo +t(1 —cos wt)ﬂwzvo, (26)

which after we return to a notation with cross products and choose the initial condition
ro = 0, leads us to the solution found by Verheest and Leroy (1973).
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